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ABSTRACT. In this paper, we introduce a common coupled fixed point theorem for weakly 
compatible mappings satisfying generalized contraction condition under rational expressions 
in complex valued metric spaces. Our theorem improve and extend some of the known re- 


sults in the literature (see [11]). Finally, we give an example to support our theorem. 


1. Introduction and Preliminaries 

Fixed point theory is very useful theory in various branches as determining the existence 
and uniqueness of solutions to many mathematical equations in mathematical science, en- 
gineering and applications in other fields. Banach’s contraction principle play an important 
role as the most widely used fixed point theorem in all analysis. In 2011, Azam et al. [1] 
introduced the concept of complex valued metric spaces which is more general than ordinary 
metric spaces. Recently, Both of Bhaskar and Laxikantham [3] introduced the concept of 
coupled fixed point. Also, some authors deduced coupled and common coupled fixed point 
theorems for two self-mappings in complex valued metric spaces for example [4,7,9,10,13]. 


In this paper, using the concept of (E.A.) we establish a common fixed point theorem for 
weakly compatible mappings in the frame work of complex valued metric spaces. We recall 
some basic definitions and results that we need in our discussion. 

Let C be the set of complex numbers and z;,25; € C. Define a partial order < on C as 
follows: 

21 $29 ifand only if Re(zi) € Re(ze) and Im(z1) < Im(z). 
Consequently, one can deduce that z; X z2 if one of the following conditions satisfied: 
(pi) Re(z)- Re(z2) and Im(z,) < Im(23), 
(pj Re(z1) < Re(z2) and Im(z1) = Im(j2), 
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(ps) Re(z1) < Re(z3) and Im(zi) < Im(23), 

(p4) Re(z1) = Re(z2) and Im(zi) = Im(z3). 

In particular, we write z1 $ 22 if zj # z2 and one of (pı), (p2) and (ps) is satisfied and we 
write 21 < 22 if only (pa) is satisfied. 

Remark 1.1: We can easily check the following notes: 

(1) a,bER,a<b = azizb VzEC. 

(2) OS a gv > lal lal. 

(3) 2 $29 and z9 4 23 > zi <x 23. 

Remark 1.2: Let (X,d) be a complex valued metric space. Then one can say 

(1) |d(z,y)| or |d(u,v)| < |1+d(z,y)+d(u,v)| V z,y,u,v E X. 

(2) d(x,y) 20, ia Ay. 

Definition 1.1 [1] Let X be a nonempty set and C be the set of all complex numbers. 
A function d : X x X — C is called a complex valued metric on X if for all x,y,z € X, the 














following conditions are satisfied: 

(CVM,) 0X d(z,y) and d(x,y) =0 iff x— y, 
(CVM2) d(x,y) = d(y,x) for all x,y € X, 

(CVM3) d(x,y) S d(z,z)+d(z,y) V v,y,z € X. 
Then (X, d) is called a complex valued metric space. 


Example 1.1 |14] Let X — C be a set of complex numbers. Define the 
mapping d: X x X — C by 


d(x1, £2) = gh |lzxi— £| V 21,22 € X, 


where k € [0, 5]. Then (X, d) is called a complex valued metric space. 
Definition 1.2 |8] Let (X,d) be a complex valued metric space. The pair 
(x,y) € X x X is called a coupled fixed point of the mapping S : Xx X — X 
if 

c= S(x,y) and y=S(y,2). 


Example 1.2 [11] Let X = R with a complex valued metric d defined as 
d(x,y) = i|x — y|. Let the mapping S : X x X — X defined as S(x,y) = 
z^)y?. Then the pairs (0,0) and (1,1) are two coupled fixed points of S. 
Definition 1.3 [6] Let S : X x X — CB(X) and T : X — X be two 
given mappings. Then an element (x,y) € X x X is called 

(1) A coupled coincidence point of a pair (S, T), if Tr € S(x,y) and Ty € 
S(y, x), 
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(2) A common coupled fixed point of a pair (S, T), if 
x=Txe S(x,y) and y= Ty € S(y, x). 


Definition 1.4 |2] Let X be a nonempty set and F : X x X — X and S: 
X —> X. Then the pair (F, S) is called weakly compatible if S(F(z,y)) = 
F(Sx, Sy) and S(F(y,x)) = F(Sy, Sx), whenever Sx = F(x,y) and Sy = 
F(y, x). 

Definition 1.5 [12] Let X be a nonempty set and F : X x X — X and 
G : X — X be two self-mappings. Then the pair (FG) is said to satisfy 
property (E.A.) if there exist two sequences {£n} and {yn} in X such that 
for some l,l € X, we have 


lim F(xo,,yo,) = lim Gao, =l, lim F(Yyon, Zon) = lim Gyz = l. 


Definition 1.6 [1] Let {xn} be a sequence in a complex valued metric space 
(X, d) and x € X. Then, 

(i) x is called the limit of {x} if for every € > 0 there exist no € N such 
that d(£n, £) < € for all n > no and we can write limy+. tp = T. 

(ii) {£n} is called a Cauchy sequence if for every € > 0 there exist no € N 
such that d(z,,z444,) < € for all n > no, where m EN. 

(ii) (X,d) is said to be a complete complex valued metric space if every 
Cauchy sequence is convergent in (X, d). 


Lemma 1.1 [1] Let (X,d) be a complex valued metric space. Then a se- 
quence {z} in X converges to x if and only if |d(r,,x)| —^ 0 as n > oo. 


Lemma 1.2 [1] Let (X,d) be a complex valued metric space. Then a se- 
quence {zn} in X is a Cauchy sequence if and only if |d(x,, x,,,,)| — 0 as 
n — oo, where m €N. 


Lemma 1.3 [5] Let (X, d) be a complex valued metric space and {x£} be a 
sequence such that lim z, = x. Then lim d(z,,a)=d(z,a) V ac X. 
T,— 00 


TL— 00 
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2. Main Results 
In this section, we present a common coupled fixed point theorem in complex 
valued metric space: 
Theorem 2.1 Let (X,d) be a complete complex valued metric space. Sup- 
pose S, T : X x X —> X and P,Q: X — X be self-mappings satisfy: 

d(Px, Qu) + d(Py, Qv) d(Px, S(x,y)) d(Qu, T(u, v)) 


(i) d(S(z,y), T(uv)) X kı 2 Fd Ed(Ps, Qu)  d(Py, Qv) 


d(Qu, S(x, y)) d(Px, T (u, v)) (1) 
1+ d(Pz,Qu) + d(Py, Qv) ' 
for all z,y,u,v € X, where kj, ko, ks are non-negative reals with 0 < ky +k < 


] and 0 € Ik, + ka < 1. 

(ii) The pairs (S, P) and (T, Q) are weakly compatible and satisfy property 
(E.A.). 

(iii) T(X x X) € P(X) and S(X x X) € Q(X) where both of P(X) and 
Q(X) are closed sub-space of X. 

Then 5S, T, P and Q have a unique common coupled fixed point in X x X. 
Proof. Let zo, yo be arbitrary points in X . Since T(X x X) C P(X) and 
S(X x X) C Q(X), then we can define two sequences {£n} and {yn} in X 
such that, 





+ kg 





dona em Lok ases o doa ow toa = Pao io ET (Ponts Von) 
Vora es Quer = 0 Uns ton) Yon+2 = Pyona2 = T (Yond, Lont1) 


(2) 





Also, since the pairs (S, P) and (T, Q) satisfy property (E.A.), then 


lim Son dos) = lim Pron =l, lim SY, £m) = lim Py, = U 
lim T (£n, Yn) = lim Qran =l, lim T(Yən, £n) = lim Qyən = [C 
n= n1—00 n— 00 1i—00 


(3) 
Hence, we have 
A(on+1, £242) = d(S (zs, Yon), T (39941; Yon+1)) 
< kı dPxos, QXon+1) F d( Pyan, QYyon+1) 


dd 2 
d( Pion, S (225, Yon)) d(Qron+1, T (£55.11; Yon+1)) 


1 ar d( Pon, Qzonj1) JF d( Pyos, QY2n+1) 
d(QZon41, S (Tən, Yon)) d( Pian, T (®on-+1; Yon+1)) 


1+ dP tax, QXon41) e d(Py2n, Qyon+1) 





+ Es 





E ks 
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d(Zos, X2n41) + d(Yon, Y2n+1) PE d(Lon, 2541) d(Lon+1, 12542) 

2 ee A( Xan, Lon41) + d(Yons Y2n+1) 
Gl Pome E2544) d(Xan, 12543) 

1 + d(X2n, 2534) a d(Yon, Yon+1) 


d d(yos, 
= kı Gite) (Yan Yən+1) | ko d(z2n44, X2n42) 


= kı 





+ kg 





d(x2n; T2n+1) 
1+ d(xan, X2n41) + d(yon; U2n--1) 








d n TV d NI n 
x ky (on, Lon41) + d(Yon, Y2n+1) Wed dct. 


2 
This implies that 





d n» n d ns n 
(1 — ko) d(zoni1, 22842) $ ki MES 
that is, ! 
kı [d(zos, 241) + d(ym; yi) 
Bee cu 4 
A(Lon41, X2n42) S 2M (4) 


By a similar way, we obtain 


ky [d(zon, Conti) + d(yon; yon) | 
n TL x . 5 


Adding (4) and (5), we have 
d(Lon+1, T2n4+2) + dlY2n+1, Y2n+2) X P [d(on, X941) + d(yon, Yonti)] 


k 
x <l as 0 € kj 4- ko « 1. 
— K2 








where 0< p= 1 
Similarly, 


d(12542, X2543) = A(T (Lon41, Von1), S (Xon42, Y2n+2)) 
eg. d(Pz»,45, Qx2541) + d(Pyona2, QY2n+1) 
gy pude TUR dest unc d IRA 


N 





2 
dPxoja», S (12542, Yon+2)) d(Qzo,41, T (o4; Yon+1)) 


1+ d(P2on+42, Q%an41) + d(Pyos42, Quos a) 
" d(Q2on+1, S (Lon+2; Jon42)) d(Pxon45, T (enti, Yon+1)) 
3 


1+ d( Pxon+2, Qon) s d(Pyon+2, QYyon+1) 
A(Lon42, Lon41) T A(Yon+2, Yon+1) i d(155.,2, V2n43) d(ton3; on+2) 


2 mE d(Zon42, 9541) + dlY2n+2, U2n-1) 
d(Zon41, X2n43) d(Zon42, X2n42) 


1+ d(zos2, 2241) + d(Yons2, oni) 





+ Ko 











— kh 





+ kg 
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2 


+ ko d(Xan+2, X2n43) 


= kı 
d(Lon+1, T2n+2) 
1+ d(Xon42; 12n41) ote d(Yon+2; Yon+1) 


d T n T TU + d n 9 n 
í ki (Wan+2> Tani) (Y2n+2; Vani) + ka d(£on+2, Z2n+3). 


2 
Consequently, we have 








kı [d(£2n+2, Conti) + d(Y2n+2; Y2n+1)| 
ia) | 





(6) 


d(12543, Lon+3) x 
Also, we can prove that 
kı [d(@2n+42, Conti) + d(yonc2; Von) | 
2(1 — ke) ' 





A(Yon+2; U2n43) X (7) 
Adding (6) and (7), we have 

(32542, F2n+3)+d(Yon42; Y2n+3) p | d(tona2; Lan41) +d (Yon+2, Yon+1) 
Now, one can say that 
d(En+1, 242) + €(Yntis Ynt2) $ P es tian) an d(Yn, Yn-+1) | 
p |d(zs a, £n) + d(Yn—1, Yn)| 


CA lA 2A 


p"*! [d(xo, x1) + d(yo, w1)]- 

Consequently, for any m « n, we have 

d(Zm, En) + d(Ym, Yn) X [d(zm, Em+1) t d(Ym, Ym-+1)| T [d(£Em+1, £n) ag d(Ym+1;Yn)] 

[d(£m, Lm41) + d(Um; Vm41)] + [d(Em+1, Zm42) + d(Ym+1, Ym+2)] 
+ [d(zma2; In) + d(Ym+2; Yn) 


lÅ 





LA lA 


m dis) F d(Um, Vm41)] + [d(£m+1, Lm42) + dlYm+1, Vm42)] + 
othe ee + d(Yn—1, Yn)] 

(om. + Lm eee d 971] [d(ao, 21) + d(yo, y1)] 

pt TtpcpgEe.nuud gen [d(zo, 21) + d(yo, y1)| 

— [d(zo, #1) + d(yo, y1)] — 0, as m — oc. 

i.e., dm, £n) — 0 and d(ym,Yn) — 0 as m,n — oo. 


From that, we can deduce that [r,) and {yn} are Cauchy sequence in X. 
Since (X, d) is complete, then there exists x,y € X such that r, — x and 





LA A A 


Yn — y as n — oo. Then from (3), one can write 
d(S(x, y), x) x ^J d(S(x, y), 12542) F d(£on+2, x) 
= d(S(z, y), T (an41, Yonti)) + d(zon42, £) 
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d(Px, Quos41) zs d( Py, QYyon+1) 


2 
d(Pz, S(xz, y)) d(Qzo,41, T Gags; Yon+1)) 


Lr d( Pa, QX2n+1) a d(Py, QYyon+1) 
d(Qz»s i1, S (2, y)) d(Pz, T (xou, Yont1)) 


1 a d( Px, Qzonj1) T d(Py, QY2n+1) 

d(T, 22.41) + dy, Yonti) , T d(x, S(z, y)) d(xon41, 32042) 
( 2 ( y | i F d(x, Z2n41) + d(y, Yon+1) 

d(£on+1, 5(2, y)) d(x, Lanse 

td (Xan 40, t). 

1 T d(x, Lon+1) + d(y, Yon+1) ( ut 


Sh 


+ ko 








| k3 | d(£on+2, 2) 


lÅ 


kı 





+ kg 
This implies that 


d( S(x,y), 2) x 0, as n — oo. 


Then, d(S(z,y),z) =0. ie, S(z,y) = 
By a similar way, we can prove that  S(y,x) = y. 


Also, 
d(z,T(x,y)) = d(S(z,y),T(2,y)) 
< p, Px, Qu) + d(Py,Qy) | ,, d(Pz, S(s,y)) 4(Qz,T(e,y)) 
ins 2 ^ 1c d(Px, Qx) + d(Py, Qy) 
d(Qz, S(x,y) d(Pz,T(z, y)) 
(7$ “1+ d(Px, Qa) Qy) 


d(x, x) + d(y, y) a ) d(x, T (x, y)) X d(z, x) d(z, T(x, y)) 
2 C z) + y) ° 14 d(z,z) 4 d(y.y) 











eu 





This Lead us to d(x, T(x, y)) < 0. Then, das (as dy) = 0. ie., Grow) = z. 
By a similar way, we can deduce that T(y,x) = y. 
Hence (x, y) is a common coupled fixed point of S and T. 
To show the uniqueness, Suppose that (x*,y*) 4 (x,y) be another common 
coupled fixed point of S and T. 
lou vy eT Vue and Se aH Te re. 
Then from (1), we get 
d(z,z*) = d(S(z.y), T(x*. y*)) 
4 p LEEQ) + d(Py, Qu*). |, d(Pz, S(z, y)) d(Qx*, T(z*. y*)) 
en 2 (07 1-4 d(Px, Qa") + d(Py, Qy") 
d(Qa*, S(a,y)) d(Px,T(a*,y*)) 
1+ d(Pax, Qx*) + d(Py, Qy*) 








+ kg 
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za Meet dy) yg dea) dete), dla" a) dira?) 

oi 2 1+ d(z,x*) + d(y, y*) 1+ d(x, x*) + d(y,y*) 
d(x,x*) + dly, y*) d(x, z*) 

< * 

ds 2 fs dn Tae) day] 


This means that 

d(z,2*) X 5 [d(a,x*)+d(y,y*)] +3 d(v,u*). — (8) 
Similarly, one can show that 

d(y,y*) S 5 [d(a, x*) + d(y,y')] Ks d(y,w"). — (9) 
Adding (8) and (9), we get 

d(x, x*) +d(y,y*) X (ki + ks) [d(w,2*) + d(y,y*)]. 
This implies that 

(1 — ky — kg) [d(x, x*) + d(y, y*)| X 0. 
Since 0 € kı + kz < 1 (i.e., 1 — kı — k3 # 0). Consequently, 


[d(z, £*) +d(y,y*)] X90, 
then |d(z, z*) + d(y,y*)| = 0. From that, we get 
d(x, x*) = 0 = d(y, y*). 


Thus z —z* and y= y*. i.e., (x,y) = (2*,y*) which is a contradiction. 

Hence (x,y) is a unique common coupled fixed point of S and T. 

Now, if we take P = Q = I, (where J is the identity mapping) in the above 

theorem, we get the following corollary. 

Corollary 2.1 [11] Let (X,d) be a complex valued metric space. Let S,T : 

X x X — X such that: EE ND a(x, Sx, y) du, T(u, v) 

z,u v x, S(x, u, T (u,v 

d(S(x,y), T (u, v)) < kı 5 - ko ra d "EET 

d(u, S(z,y)) d(x, T(u, v)) 
] -- d(z,u) 4- d(y, v) 

where ky, ko, k3 are non-negative reals satisfying kı + ko < 1 and kı + k3 < 1. 








ka ’ Vz,y,u,vec X, 


Then the mappings 5 and T' have a unique common coupled fixed point in 
X x X. 
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Example 2.1. Let (X,d) be a complete complex valued metric space, where 
X = [0,1] and define d : X x X — X by d(x,y) = i|x — y|? . Define four 
mappings as follow: 





2 2 

(a) ST: XxX => Xby S(ny)- C and T(x.) = A 
2 
(b) P,Q: X > X by Po => and Qe = > 


Previously, we find that 
S(X x X) = [0,4] c [0,4] = Q(X) and T(X x X) = [0,3] € [0,2] = 
P(X). 
Then, both of P(X) and Q(X) are closed sub-space of X. 
Let £n = Vm res y be two sequences in X. Then 


lim 0504) = lim Pr, = lim Syn, £n) = lim Pyn = 0, 
n—> 0 n— 00 n— 0 n— 00 
and lim T (£n, Yn) = lm Qz = lim T(yn, £n) = lim Qyn =O. 
n= noo n— o0 n—> 00 


Clearly, the pairs (S, P) and (T, Q) are weakly compatible and satisfy prop- 
erty (E.A.). 
By simple Calculation, we find 

2 

















r uw 1 2 
P =i = daa? 
d( Px, Qu) P c 16 1122 ee 
212 
Jy v T 212 
P ES = 2 
d( Py, Qv) ley gil B^ ru 








zy wel? 1 









































d(S(x,y), T(u,v)) 2 i > E g = ggg ler u’) + (2y — v?)| 
1. 2|? 2|? 2 2 

Sed 2r —u^ + 2y—v H 2 |2x — u?| |2y — v?|} 
1 

< 256 ' 2y — u2|^ 4 2y — v? x |2z: i | I2y v?|"} 
dL 2 2 1 d(Px,Qu) + d(Py, Qv) 

< — i{|2 2 [2 2p ——————————. 

"Use use m yep 2 


Thus inequality (1) is satisfied with kı = 1 and k = k3 = 0, for all x,y, u,v € 
X. Also, (0,0) is the unique common coupled fixed point in X x X. 
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